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Abstractl:I

In this paper, we consider large wireless CDMA ad hoc networks
on which nodes are uniformly distributed in an infinitely large
area. The number of nodes per square meter and processing gain
trend to infinity with their ratio kept a constant. Nodes access each
other through a common CDMA channel without power control.
Received power decays with node distance. When a packet is not
successfully demodulated at a receiving node, it is retransmitted.
A maximum ratio combiner is employed to combine all received
data in multiple retransmissions of a packet. Markov chain
property is applied to derive stationary distribution of number of
retransmissions, stationary link throughput and packet delay. Then
the link (one-hop) transport capacity, optimum link distance
achieving link transport capacity, node capacity, and node
transport capacity are obtained. The network transport capacity
obtained per node considering all traffic demand and scheduling is
also obtained. Numerical evaluation points out that if multiple
retransmissions are necessary for a packet, the one-hop transport
capacity is achieved by delivering the packet to a nearest neighbor
node, or otherwise by delivering to a farther determinable node. It
is also shown that exploitation of retransmission diversity
substantially increases the capacity of an ad hoc wireless network
and reduces packet delay.

|. INTRODUCTION
Capacity estimation at media access control (MAC) layer
provides the basis for design of all upper layers in a packet-
switched wireless network. Capacity estimation of ad hoc network
recently has been paid particularly attention in research. In
conventional network study, it is assumed that physical layer is
unable to resolve multipackets received at the same time by a
node. This assumption is obviously not true, say for CDMA
networks, and underestimates network capacity. Early study on
stability and capacity of Aloha systems considering multipacket
reception capability was performed by Ghez, Verd(, and Schwartz
It is shown that the capacity of an Aloha system with
multipacket reception capability is achieved when eventually all
nodes have packets to transmit, which is completely defined by its
multipacket reception matrix. By means of the multipacket
reception matrix, Tong, Zhao, and Mergen studied
capacity and MAC protocols for ad hoc networks capable of
multipacket reception. Formulas of capacities for several regular

! This work is in part prepared through collaborative participation in the
Communications and Networks Consortium sponsored by the U. S. Army
Research Laboratory under the Collaborative Technology Alliance
Program, Cooperative Agreement DAAD19-01-2-0011. The U. S.
Government is authorized to reproduce and distribute reprints for
Government purposes notwithstanding any copyright notation thereon.

ad hoc networks were obtained. MAC protocols exploiting
multipacket reception capability were proposed and demonstrated
promising performance improvement. Gupta and Kummar
studied the capacity of wireless networks based on two models:
the protocol model in which interfering nodes are a certain
distance farther away from the receiving node than the desired
transmitting node, and the physical model in which signal to
interference ratio (SIR) is greater than a threshold for effective
transmission. It is indicated that with each link capacity fixed the
transport capacity per node vanishes at the rate of at least square
root of the number of nodes as the node density increases. Li et al.
@examined effect of IEEE 802.11 MAC and ad hoc forward on
the capacity of ad hoc wireless network. They concluded that as
the network size grows, the average source-destination distance
should remain small to have capacity scaled up with the network
size. Xu and Sadaawi pointed out that IEEE 802.11 MAC
protocols suffer from hidden node problem when applied in
wireless multihop ad hoc networks. Luo and Fan analyzed
capacity of CDMA system with selective repeat and Go-back-N
protocols. They showed that the capacity should be defined as the
maximum throughput as the number of users varies. In the
information theory point of view Toumpis and Goldsmith @
analyzed capacity regions for wireless ad hoc network. It was
concluded that the multihop routing, ability for concurrent
transmissions, and interference cancellation significantly increase
the capacity of ad hoc networks.

Practical communication systems are noise and interference
limited. Unless packets are coded at the rate of channel capacity,
the packet success probability in one transmission is less than one
and then multiple retransmissions of the same packet are
necessary. Since channel noise, interference signals, and multipath
coefficients are time-variant, packet retransmission provides a
diversity gain for demodulation of retransmitted packets and
increases packet success probability. Every retransmission of a
packet takes up amount of network resources that is transformed
into retransmission diversity gain. Hence, retransmission diversity
is essentially part of network resources. Partly due to separate
layer design strategy, in conventional networks previously
received signals with unsuccessful packet demodulation were
discarded. When the packet is retransmitted, the packet is
demodulated using only the currently received signal, thus
wasting network resource embedded in previously received
signals. It is shown that by exploiting retransmission
diversity packet success probability and network performance can
be substantially improved. Specifically, for a packet of J
retransmissions, the retransmission diversity gain is 10log;J dB
in SNR for linear multiuser receivers and is square root of J in
minimum signal distance for maximum likelihood detector.



Meanwhile, these multiuser detectors exploiting retransmission
diversity can be implemented without increasing computational
complexity. Performance of packet-slotted/unslotted Aloha
CDMA network with Poisson arrival over multipath fading
channels is analyzed in [I3][14]] via large system technique. The
distribution of number of retransmissions, throughput, average
delay in steady state scaled with processing gain are obtained with
the MF, decorrelator, and MMSE detectors. It is demonstrated
that the retransmission diversity can significantly improve
network performance.

In this paper, we study the capacity of large wireless CDMA ad
hoc networks with retransmission diversity. We consider that
infinitely many nodes are uniformly distributed on an infinitely
large plane. The number of nodes on a unit area and processing
gain both trend to infinity with their ratio kept a constant. This
model is an abstraction of a practical large wireless ad hoc
network while providing tractability for analysis. We shall obtain
link throughput and packet delay, link transport capacity,
optimum link distance, node capacity, node transport capacity,
and network transport capacity per node.

I1. NETWORK MODEL AND PACKET SUCCESS PROBABILITY

A. Network Model

We consider a packet-slotted ad hoc network in which infinitely
many nodes are uniformly distributed on an infinitely large plane
with A nodes per square meter. Nodes access each other through a
common CDMA channel as shown in Fig. [[] All nodes on the
network are identical. All nodes have the identical transmission
power Py and no power control is employed. All nodes have the
same computational capability. In any slot, a half number of nodes
are transmitting and the other half are receiving. We assume that
transmitting nodes are also uniformly distributed. Each node has
an infinitely long buffer for arrival packets. Among the packets in
each node’s buffer, one is the transmitted packet and the others
are the waiting packets. If the transmitted packet is not
successfully received in a slot, it will be retransmitted but not
necessarily in the next slot. If the transmitted packet is
successfully received, a previous waiting packet will become a
transmitted packet. A new packet arrival in a slot is a waiting
packet in the buffer. Denote by M(t) the number of transmissions
of the transmitted packet in the buffer. If M(t) = 0, there is no
transmitted packet and no waiting packet. We assume that the new
packet arrival rate is high enough so that each node always has
packets in buffer ready to be transmitted.

B. Packet success probability

Consider that a random binary spreading sequence is
equiprobably selected for a bit of every transmission in each node.
The number of nodes per square meter and the processing gain N
trend to infinity and their ratio keeps a constant a = A/N in nodes
per square meter per chip (or approximately the number of nodes
per square meter per Hz per second). The MF receiver with the
maximum ratio combiner [ZL][12]]for optimum combination of
signals in multiple retransmissions is applied.

We assume that for a node of distance ythe received power is

o=
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with 8> 2 and r = y is normalized distance. Without loss of
generality, here we assume that the received power of a node
within the distance ) is fixed as the transmitting power P,
Consider a transmitting node that has a normalized distance r to
the receiving node and transmits a packet the mth time. For every
transmission, the received signal power at MF output is P(r).
Consider the interference nodes in the annulus of radius y and
width Ay, For an inference node k, the interference power is
R P, where the transmitting node of interest is indexed with O

and Ry is the crosscorrelation between the signals of interest and
interference. There are approximately 21A)A )2 interfering nodes,
each of which has approximately interference power P, OPo(}6/ )P
where dividing by 2 is due to the fact that a half number of the
nodes are transmitting and the other half are receiving. The total
. K 2
annulus is o Roc P O

interference  power in this

ZZIAVROZk P,(v,/y¥)* . As the number of nodes per unit area and
the processing gain trend to infinity, this total interference power
converges in probability to 77aP,y”y Ay applying the results

in Similarly, the interference power generated by the
transmitting nodes inside the circle of radius y = y is

Z:;IROZK P, O Z:ﬁNszk P, convergent to myaP,/2. Then
the total interference power converges to

p = IT}/OZZO'PO +7T0P0y§ J‘y—/mdy_ ﬁ/JPO
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where u = mfa is the number of nodes per Hz per second inside

the circle of radius ). To have a sense on y for practical system,
consider that nodes are located on cross points of grid with

adjacent distance ), and then A=1/y’. Define the normalized
node distance by r, = i/, then p O my/(Ny?)=rm/(Nr?).
For ro = 100 meters, processing gain N = 50 ~ 100, and node

distance ), = 10 ~ 500 meters, the range of uis p [11.26x107 ~
6.18.

As demonstrated in although the whole two dimensional
plane is covered by the uniformly distributed nodes and the
number of transmitting nodes per unit area treads to infinity with
their ratio kept a constant, the effective interference power is
finite. In other words, because the received signal power decays in
distance with the power of 8> 2, we can allow the number of
nodes per unit area to increase to infinity as bandwidth trends to
infinity. The signal to interference ratio (SIR) is P(r)/(Pi, + &°).
When the maximum ratio combiner is applied, the signal to
interference ratio after combination of received signals in m
transmissions is m times the SIR of one transmission. Hence, we
obtain the following theorem.

Theorem 1: For a large wireless CDMA ad hoc network with
transmitting nodes uniformly distributed on an infinitely large
plane, as the number of transmitting nodes on unit area and
processing gain trend to infinity with their ratio kept constant a,
the SIR of MF output with optimum combiner for a packet of m
retransmissions with transmitting distance r converges to



m/r?

, 2
SIR ™ (n= Bull2(B - 2] +1/SNR0 )

Bull2(B - 2)] +1/SNR,
where SNR, = Py/d® is the signal to noise ratio within the

normalized transmitting distance r = 1. O
Since the interference plus noise is asymptotically Gaussian with

zero mean, the bit error rate is p{™(r) = Q(w/SIR("‘)(r)J. Since

there area always a half number of nodes transmitting, p{™ (r) is

time-invariant. For a packet of length L in bits without error
correction coding, the packet success probability is p™(r) = [1 -
p{™(r)]-. Clearly, the packet success probability is

monotonically increasing with the number of transmissions and
decreasing with the distance.

We point out that [Theorem 1]is applicable when the number of
transmitting nodes is Poisson distributed with the mean number
on unit area and processing gain trending to infinity with their
ratio kept constant a. Although here the packet success
probability is presented for uncoded packets, the matched filter,
and Gaussian channel, it is easy to be extended to coded packets,
other multiuser receivers, and fading multipath channels by using
the results in as well as blind and group blind scenarios.

I11. STATIONARY STATE AND CAPACITY

A. Stationary probability distribution of number of transmissions

The following results are applicable to any receiver, channel,
multiple access scheme, error correction coding, etc., provided
that the packet success probability is give by p™(r) for a packet of
its mth retransmission with transmitting distance r.

The number of retransmissions of the transmitted packet M(t) O
Z" in a buffer with transmitting distance r is a Markov chain. Its
state transition probability is

p“)(r), m=1,
PrIM(t+1) =m|M(t) = j]=<1-p(r), m=j+1, 4
0, otherwise.

The transition probability matrix is

p(l)(l’) 1_p(1)(r) 0 0o - 0
PO 0 1pP(M 0 - 0 -
P(r)=|: : : L c o O®

p(r) 0 0 1-p"(r) 0
Denote by gn(r) = Pr(M = m) the stationary probability
distribution that the transmitted packet is in its mth transmission.
We have the following theorem.

Theorem 2: If there is an integer n = 1 such that p™(r) > 0 for
Om = n, then the Markov chain defined by (5) has a unique
stationary state with probability distribution

ﬁ(l— Pl (n))

9.(N=—"—3 (6)
1+ (1) (r)
1%
where the numerator is one form = 1. a

The stationary probability distribution g(r) = [g.(r), ga(r), ... ]
must solve g(r) = g(r)P(r). From [5)]we have

9,(1) = g, (NL-p™ ()= (r)rJ
form=>2. Since

igm(r) = gl(r)(l+i |'j (1- p“’(r))}l,

we obtain For the stationary probability distribution to satisfy
the first column of P(r), we must have

m-1
p“)(r)rj -p0(m)=1 ®)
= j=
which is verified as follows

o 0] -0V 0)= 2t p o] -0 )

{rj(l PO (1)~ |‘J(1 p‘”(r))} D(l—p“)(r))

=1. (9)
where the last equality holds due to the condition in
In fact, the left hand of is the probability that a packet is
successfully received in infinitely many retransmissions.

For any practical receiver, we have p™(r) = 1/2-. Hence, the
unique stationary distribution always exists.

p(r)) U]

B. Stationary link throughput
The stationary link throughput with transmitting distance r in
packets per slot is

S(1)= Y P (N9, (1) = 6,(1)

where the last equality follows from Since M =1 if a previous
transmission is successful, g; is the average probability that a
packet is successfully transmitted. Note that the number of
transmissions for a particular packet has a probability distribution

(10)

p‘"‘)(r)rl'j"j(l— p“)(r)), that is, m—1 unsuccessful transmissions

followed by a success. The link delay (average number of
retransmissions per packet) is

o) =3 m O ] (-5 1)

=§m[1—(1—p(m’(r))]|'j P (1))

Zm{l_j( - po(n)- ﬂ - p(”(r))}

Z.:: Ij(l p(i)(r))_ymmlj (1_ p(i) (I’))
1

9,(r)
where the last equality is due to condition in
As a particular instance, when retransmission diversity is not
employed, all retransmissions are treated as a new transmission.
Then p™(r) = p®(r), m = 1. The stationary probability
distribution becomes g, (r) = [L-p® (N]"™* p®(r), m=1. The

(1)



link throughput is S(r)=p®(r)and the link delay is

D(r) =1/p®(1).

C. Link transport capacity
The link transport throughput with normalized node distance r is
T(r) = rS(r) packet-meters per slot where the meter is in the sense
of normalized distance. The link transport capacity is defined as
the maximum link transport throughput for all distances
T= nlz%x{rS(r)}. (12)

Accordingly, the optimum transport distance achieving the link
transport capacity is r,, =argmax,,{rS(r)}. Since the link

throughput is monotonically decreasing with distance, the link
transport throughput T(r) is convex down. Hence, the optimum
link transport distance uniquely exists.

D. Network transport capacity per node

In the following discussion of network capacity, we do not give
extra credit when a packet has multiple destinations. Consider a
packet that has a demanded source-destination distance r. Suppose
the packet is delivered to destination in h(r) hops each with
distance r;, i = 1, ..., h(r). To achieve the maximum total transport
throughput, all the relaying nodes must be on the line between the
source and destination, that is, r = r; + r, + ... + ry,, because the
link throughput is decreasing with link distance. Then the
maximum transport throughput for delivering this packet with a
scheduling on h(r) and r; as

T.(r)= L](qu‘( 10

. (13)

Ys(ry)
j=1

Denote by R(r) the probability density function of source-

destination distance r of packets for each node. The network

transport capacity in packet-meters per slot per node is defined as

T, =E[T,(r)/2] :%]R(r) max———dr . (14)

h(r 0]
7Yy
j=1
Proposition 1: Suppose that each node has a throughput of A(r)
packets per slot with source-destination distance r. If a half
number of nodes transmit with the other half receiving and
transmitting and receiving nodes are in pairs in any slot, then the
transport throughput in packet-meters per slot obtained by each
node is upper bounded by
E[rA(N]<T, (15)

for all MAC protocols and traffic patterns. O
Consider a large number of slots t and a total number of n nodes.
The total transport throughput of the network is Ant ¥ . Since only
a half number of nodes transmit, the total transport capacity is
ntT, assuming the optimum scheduling in Irrelative to MAC
protocols and traffic patterns, the total transport throughput can
not be greater than the total transport capacity. Hence, we obtain
Note that the network transport capacity T, obtained per
node is achieved if delivery of packets is scheduled such that (i) in
any particular slot, transmitting nodes are uniformly distributed,
(ii) all nodes transmit packets on the same hop of their own
optimum schedule defined by [I3)] and (iii) in each slot the buffer
of each node is long enough to make (ii) achievable.

E. Node capacity and node transport capacity

Finally, we discuss the node capacity and node transport capacity
in the case that all transmitting nodes transmit packet to one
receiving node. In an annulus of distance yand width dy; there are
2mA)d Y2 nodes. The total stationary throughput of a node in

packets per slot is S =me5(r)dy: nyjA_[?’S(r)dr. Then the

node capacity (spectral efficiency) in bits per Hz per second is

. SL “
C=fim-- uojrS(r)dr . (16)
C is also the network capacity per node for a fully connected
network in which all packets are delivered with one hop. C takes
into account all nodes no matter how far a node is. However,
when node distance is large, the packet success probability is low
and so the delay may be intolerably large. In this case, a non-fully
connected network must be considered.

Suppose that only the nodes within a normalized distance rq are
accepted to have an effective link. Then the node capacity is

C, :um’[rS(r)dr . a7)

In an annulus of distance yand width dy; the transport capacity

of a node in packet-meters per slot is fn =rAfﬂ'(r)dy=

n%AﬂT(r)dr=n%AfrZS(r)dr. Then the node transport

capacity is
TL %,
= |reS(r)dr
i uoj 0]

bit-meters per Hz second. Here node capacities are irrelative to
MAC protocols and traffic patterns.

Cy, =lim (18)

F. Numerical evaluation

As shown by numerical evaluation in Figs. EIEI when 1< 0.045,
the probability of retransmission is small and then the link
transport capacity is approximately the same with and without
retransmission gain. The optimum transport distance achieving
transport capacity is greater than one. However, as u > 0.045
increases, the link transport capacity is much higher and packet
delay is much lower with exploitation of retransmission diversity
than without. In this case, the optimum transport distance is
always equal to one, ro = 1. That is, in practical system the
packet on each hop should be delivered to the nearest node if
there is no node within distance r = 1, or to the farthest node
among those within distance r = 1.

Referencesn
[1] S. Ghez, S. Verdd, and S. C. Schwartz, “Stability properties of
slotted aloha with multipacket reception capability,” IEEE Trans.
Automat. Contr., vol. 33, no. 7, pp. 640-649, July 1988.
[2] L. Tong, Q. Zhao, and G. Mergen, “Multipacket reception in
random access wireless networks: from signal processing to
optimal medium access control,” IEEE Commun. Mag., Nov.
2001, pp. 108-112.
[3] G. Mergen and L. Tong, “Capacity of regular ad hoc networks
with multipacket reception,” Allerton Conf. Commun., Control,
and Comp., 2001.



[4] Q. Zhao and L. Tong, “A multi-queue service room MAC

protocol for wireless network with multipacket reception,” Fig. 1. Packet transmissions in an ad hoc network.
IEEE/ACM Transactions on Networking, Feb, 2003.

[5] P. Gupta, and P. R. Kummar, “The capacity of wireless , Link transport capacity

networks,” IEEE Trans. on Infor. Theory, vol. 46, No. 2, March ° ' o Wi retrnsmission gam

2000 —=—  Without retransmission gain

[6] J. Li, C. Blake, D. S. J. De Couto, H. I. Lee, and R. Morris,
“Capacity of ad hoc wireless networks,” in Proc. 7" ACM Int.
Conf. on Node Computing and Networking, 2001.

[7]1 S. Xu and T. Saadawi, “Does the IEEE 802.11 MAC protocol
work well in multi-hop wireless ad hoc networks?,” IEEE
Commun. Mag., June 2001, pp. 130-137.

[8] R. Luo, and P. Z Fan, “Capacity evaluation of packet-switched
CDMA system,” IEEE Commun. Letters, vol. 5, no. 8, pp. 334-
336, Aug. 2001.

[9] S. Toumpis, and A. Goldsmith, “Capacity regions for wireless R
ad hoc networks,” in Proc. IEEE 2002 Int. Conf. on Commun., © e - e o
1CC’2002, New York, NY, April 28-May 2, 2002. u

[10] Y. Sun, "Network diversity of random access slotted CDMA Fig. 2. Link transport capacity. SNR, = 30 dB, f=2.5, L =64

T (packet-meters/slot)

networks," in Proc. 33rd Asilomar Conf. on Signals, Systems, and bits.
Computers, pp. 1606-1610, Pacific Grove, CA, Oct. 24-27, 1999.

[11] Y. Sun, "Multiuser detection using network diversity for & Hink packet defay atfink transport capacity
random access packet-switched CDMA networks," in Proc. 33rd —e—  With retransmission gain

—»—  Without retransmission gain

Annual Conf. on Information Science and Systems, vol. 1, pp.

TA3.1-6, CISS'2000, Princeton University, Princeton, NJ, March 10
15-17, 2000.

[12] Y. Sun and Z. Wang, "Network diversity approach to
performance improvement for random access packet-switched
CDMA networks," in Proc. IEEE Int. Conf. on Third Generation
Wireless Commu., 3Gwireless'2000, pp. 285-291, San Francisco,
CA, June 14-16, 2000.

D (Transmissions)

[13] X. Cai, Y. Sun, and A. N. Akansu, “Performance of slotted 10*

CDMA random access systems with packet combining in fading

channels,” in Proc. 34th Annual Conference on Information " " )

Science and Systems, CISS'2001, The Johns Hopkins University, 10° 102 10 10° 10"

Baltimore, Maryland, March 21-23, 2001. . . LA i .
[14] X. Cai, Y. Sun, and A. N. Akansu, "On asymptotic Fig. 3. Link packet delay achl_evmg the I|_nktransport capacity.
performance of CDMA random access systems with packet Same condltlons asvln F'g'EI
combining in fading channels,” IEEE JSAC (to appear). 5 . opmum tensportditance

[15] D. N. C. Tse and S. V. Hanly, “Linear multiuser receivers: S et i i
effective interference, effective bandwidth and user capacity,”

IEEE Trans. Inform. Theory, vol. 45, pp. 641-657, Mar. 1999.
[16] J. Evans and D. N. C. Tse, “Large system performance of
linear multiuser receivers in multipath fading channels,” IEEE
Trans. on Inform. Theory, vol. 46, pp. 2059-2078, Sept. 2000.
[17] S. P. Meyn and R. L. Tweedie, Markov chains and stochastic
stability, Springer-Verlag, London, 1993.

1 @ &
05 3 ‘2 - 1 ‘u 1
10° 10 10° 10 10
U
Fig. 4. Optimum link distance achieving the link transport
\ capacity. Same conditions as in Fig. EI
7

" The views and conclusions contained in this document are those of the author and should not be interpreted as representing the official policies, either
expressed or implied, of the Army Research Laboratory or the U.S. Government.

>
o

N w
& [3) o 0y

r (nomorlized meters)

N

g
3




