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Stochastic Iterative Algorithms for Signal
Set Design for Gaussian Channels
and Optimality of the L2 Signal Set

Yi Sun, Member, |IEEE

Abstract—We propose a stochastic iteration approach to signal dimensional signal space [2]. This conjecture is referred to as
set design. Four practical stochastic iterative algorithms are the strong simplex conjecture (SSC) when the signal vectors
proposed with respect to equal and average energy constraints are constrained only by an average energy limitation, and as

and sequential and batch modes. By simulation, a new optimal . . .
signal set, the L2 signal set (consisting of a regular simplex set the weak simplex conjecture (WSC) when the signal vectors

of three signals and some zero signals), is found under the strong @ré equal-energy-constrained.
simplex conjecture (SSC) condition (equaé priori probability and Under the assumption that signal vectors have equal energy,

average energy constraint) at low signal-to-noise ratios (SNR). Balakrishnan proved [3] that the regular simplex is 1) optimal
The optimality of the L1 signal set, the confirmation of the weak as) goes to infinity, 2) optimal a& goes to zero, and 3) locally

simplex conjecture, and two of Dunbridge’s theorems are some . 9 - : . .
of the results obtained by simulations. The influence of SNR optimal at allA, whereA” is the signal-to-noise ratio (SNR).

and a priori probabilities on signal sets is also investigated via Dunbridge proved further [4] that under an average energy
simulation. As an application to practical communication system constraint the regular simplex is 1) the optimal signal sex as

design, the signal sets of eight two-dimensional (2-D) signals aregoes to infinity and 2) a local extremum at all For the case
studied by simulation under the SSC condition. Two signal sets of M = 2, the regular simplex has been proved to be optimal

better than 8-PSK are found. In the second part of this paper, t all \ for both th d | traint
optimal properties of the L2 signal set are analyzed under the SSC at a or bo € average and equal energy constraint.

condition at low SNR’s. The L2 signal set is proved to be uniquely Dunbridge proved, under an average energy constraint, that
optimal in 2-D space. The class of signal sef$(M, K') (consisting the regular simplex with\/ = 3 is optimal as)\ goes to zero.

of a regular simplex set of A" signals and M/ — K zero signals) \Work on the weak simplex conjecture in [5] was shown by
is analyzed. It is shown that any of the signal set§ (A1, i) for Farber in [6] to prove this conjecture fdd < 5.

3 < K < M — 1 disproves the strong simplex conjecture for . .
M >4, and if M > 7, S(M,2) (the L1 signal set) also disproves In 1994, Steiner published several new results [1]. The

the strong simplex conjecture. It is proved that the L2 signal set Major result is that a counterexample signal set, the L1 signal
is the unique optimal signal set in the class of signal se(M, k) set, was found and disproved the strong simplex conjecture.
for all M > 4. Several results obtained by Steiner for allM/ > 7 |t was proved that the L1 signal set is better than the regular
are extended to all A/ > 4. Finally, we show that for M > 7,  gimplex signal set at low SNR ratios for alf > 7. This leads
there exists an integerk’ < M such that any of the signal sets . .
consisting of K signals equally spaced on a circle and/ — K t‘? the resglt that, fqr al/ > 7, there is no signal set GM,
zero signals, ford < K < K', also disprove the strong simplex Slgnals which is Optlmal at all SNR’s. Furthermore, the Optlmal
conjecture. signal set at low SNR’s is not an equal energy set for any
Index Terms—L1 signal set, M-ary communication, simplex M2 7'_ The reg”'_ar simpIeXI iS_ shown_ to be the unique _signal
conjecture, stochastic iteration. set which maximizes the minimum distance between signals.
It follows that a signal set which maximizes the minimum
distance is not necessarily optimal. The L1 signal set is proved
to be the optimal signal set in one-dimensional (1-D) space.
HE optimal selection of signal vectors embedded in whit8teiner’s work changed our view on optimal signal set design.
Gaussian noise for communications has been a research is clear that the optimal signal set can only be given in the
topic for many years and is not known in general. In 1948, siense that the dimension of signal space, the number of signals,
was conjectured that, with finite energy constraints but withoatpriori probabilities, the SNR, and the energy constraint of
constraint on dimension of signal space, thé optimal a signal set are given. However, all previous results were
signal vectors are vertices of a regular simpleX M — 1)- obtained only in some simple cases. It is desirable to establish
a constructive method to find better signal sets under various
conditions.
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results are also given in this section. Proofs of analytical resulke task of optimal signal set design is, given the nunilfesf

are included in the Appendix. signals, dimensiom of the signal space priori probabilities
p;'s of signals, the SNR\?, and the energy constraint of a
Il. PROPOSEDSTOCHASTIC ITERATIVE ALGORITHMS signal set, to find a signal set such that the correct detection

probability P, is maximized.

A. Problem Formulation

. . . B. Definitions
Given one of M signalss; € R for ¢ = 1,---, M

transmitted through a channel contaminated with additive”A SPecial case of tha priori probabilities is equally likely

white Gaussian noise. After transmission we receive a vect®gnals, which means that the priori probability of every
signal is identical tol/M. Most optimal signal set design

Y =8 +n, 1=1,-.- M (1) results obtained previously, including the simplex conjectures

) ) . ) . and Steiner’s results, are in this condition.
and wish to determine which of thiel signals was transmitted,  The energy constraint is usually imposed in the following
wherey, n € R", andn is a zero-mean Gaussian vector with

i ! ; : . ways:
covariance matrix equal to theby » identity matrix. The op- 1) Average energy constraint: the average energy of a signal
timal detector in terms of maximizing the average probability 9 gy ' 9 ay 9

of correct detection chooses the sigaakuch thatf(y | s;)p; set is defined as

is maximized, wheref(y | s;) denotes the probability density 1 X ) )
function of y conditioned on the transmission ef, and p; M Z il = A (7)
is thea priori probability of theith signal. f(y | s;)p; can be =1
written as where A2 is called the SNR of the signal set, afid|
1 1 denotes thd, norm.
fyls)pi = Wexp<—§(y —8) (y—8)+ logpi>- 2) Equal energy constraint: each signal has equal energy
By defining “ loll =A% i= L M ®)
ss; In this paper, the condition that a signal set is equally

> + log p; (3) likely and is average-energy-constrained is referred to as the

strong simplex conjecture (SSC) condition. The condition that
we find that f(y|s;)p; is maximized when the signal corre-a signal set is equally likely and is equal-energy-constrained is
sponding to the maximum of;(y) is chosen. The averagereferred to as the weak simplex conjecture (WSC) condition.

ei(y) = ?JTSi -

probability of correct detection is We define the SSC and WSC conditions in this way because
M the strong and weak simplex conjectures were made in the
P, = Zpi-Pr <ei(y) = max ¢;(y) | 3i> SSC and WSC conditions, respegtlvely. .
p 1<j<M The following two classes of signal sets are analyzed in
M 1 1 this paper.
= Z W/ exp<_§yTy+ ei(y)> dy (4 Definition 1(The clas_s of signal seE(M,_K)): For M =2
im1 (2r) Vi and 2 < K < M, given K two-dimensional unit vector
vy, -,Vx, Which are equally spaced on the unit circle. The

where dy denotes the volume integral and signal sett(M, K) consists of{” signal vectors\\/M /K wv;,

1=1,---, K, and M — K signals at the origin, i.e.,

EM, K)={)\/M/Kvy, -, AW/ M/Kvg,0,---,0}. O
are decision regions. The probability of correct detection can finition 2(The cl f sianal .
be rewritten as Definition 2(The class of signal set$(M, K)): For M >2

%:{y|ei(y):11§rjl'(rg§\46j(y)}a i=12--,M (5

and2 < K < M, given K unit vectorswy,---,vx, Which
P, = 1 . / eXp(_lyTy_i_ max ei(y)> dy form a (K - 1)-dim_ensi0nal regular simp_lex with it_s center
(2m)"/2 J e 2 1<i<M at the origin. The signal sef(M, K) consists ofK signals
=1 - ignal he origi
:E[exp( max Gi(z)ﬂ _)H/M/K v;,i=1,---,K,and M — K signals at the origin,
1<i<M e
M
S(M,K)={\M/Kvi, - , A\WM/Kvk,0,---,0}. O
= A exp(ei(2)) fa(2) dz (6) SO = VMK, /K )
=1 i

The signal set&(M, K) (or S(M, K)) for all M > 2 and

wherez is ann-dimensional Gaussian vector with zero mea < K < M have the same average enengyand satisfy the
andn by n identity covariance matrixf (z) is the probability verage energy constraint (7). Only for a fixaf the signal

density function ofz defined as setsE(M, K) (or 5(M, K)) for 2 < K < M have the same
total energyM )2, E(2,2) as well asS(2,2) is the regular

falz) = 1 exp(_lsz)_ simplex set of two signals (i.e., the antipodal signal set). For
(2m)n/2 2 M >3, E(M,?2) as well asS(M, 2) is the L1 signal set. For
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M > 4, E(M,3) as well asS(M, 3) is called the L2 signal dynamic behavior of Algorithm 1 is analyzed by using the
set in this paper for the same reason as those for naming theory developed in [7]—-[9].
L1 signal set in [1].5(M, M) is the pure regular simplex To be practically useful, an algorithm must be energy-
set of M signals. In addition, all the signal set§ M, K) for constrained. One of the necessary conditions for an optimal
K =45 ...,M — 1 have a similar structure to those of thesignal set under the average energy constraint is that the signal
L1 and L2 signal sets. For the same reason as that for namimgtors must satisfy the following symmetric condition [4]:
the L1 and L2 signal sets, we can call the signal $g¥/, 4) o
the L3 signal setS(M,5) the L4 signal set, etc. ijsj -0 (13)

j=1

C. Proposed Stochastic Iterative Algorithms ] ) _
Algorithm 2 (Average energy constraint, sequential mode):

ven initial signal vectorss;(0), ¢ = 1,2,---, M, which
atisfy conditions (7) and (13). Assume

Optimal signal sets are necessarily located at the Io%\,
maximum points of the detection probability. From (6), thg
gradient of the detection probabilit]?; with respect tos; is

given b{w e;(k) =  max e;(k).
ViPd:Z/ exp(e;(2))fz(2) dz ComputeAs; (k) by (11). Update the signal vectors by
j=174V;
si(k + 1) = B(8;(k) + (k) Asi (k) (14)
+/ exp(e;(2))(z2—8;) f(2) dz, i=1,2,--- M
Vi and
9)

where AV; is the boundary displacement of decision regionsj(kJrl) = B(sj(k)-0), j#FH =12 M (15)

V; produced by the displacement of tité signal froms; to  \yhere
s;+ds;. The summation term is negligible compared to the in-
tegration term. We can establish a stochastic iterative algorithm 1 M
that in stochastic sense, converges toward the direction of the €= 7, pia(k)Asi(k) + ijSj(k) (16)
gradient to a maximum point of the detection probability. =1

Let {z(k)} denote a sequence of independent and identicaljg
distributed (i.i.d.) Gaussian random vectors with zero mean
and ann by n identity covariance matrix. A fundamental
stochastic iterative algorithm is proposed as follows.

Algorithm 1 (Fundamental algorithm): Give#(0), i =1, =
2,---, M. Assume

[SIC

MM
si(k) + ak)Asi (k)2 + > llsi(k) ¢l

ei(k) = | ax, e;(k) J=Lg# 17)

where ) ) ) ) .
T 1 7 In Algorithm 2, when theith-signal vector is adjusted by
cj(k) = 2" (k)s;(k) — 58; (k)s;(k) +logp;, a(k)As;(k), each of the othef/ — 1 signal vectors must be

j=1,2,---,M. (10) adjusted by—p;a(k)As;(k)/(1 - p;) to keep the symmetric
condition. In order to avoid cumulative quantization errors,

Compute .
we use (16) rather thaei= p;c(k)As;(k)/(1 — p;) to obtain
. Asi(k) = exp(ei(k))(2(k) — 8i(k)). (1) the displacement. For equally likely signalsp; = 1/M
Update signal vectors by for ¢ = 1,2,---, M. In this case, i.e., in the SSC condition,
s;(k+1) = s;(k) + a(k)As; (k) (12) ¢ = a(k)As;(k)/(M - 1).
ands;(k+1) = 8;(k) for j #4,j =1,2,---, M 0 Algorithm 3 (Equal energy constraint, sequential mode):
J - % ’ — L& ’ . . P . F .
We require that the sequence of updating coefficien@Ven initial signal vectorss;(0), « = 1,2,---, M, which
{a(k)} satisfy: i) a(k) > 0, i) satisfy condition (8). Assume
alh) = o =, o0
and i) k=0 ComputeAs; (k) by (11). Update signal vectors by
ad 8;(k) + a(k)As; (k)
2 ' si(k+1)=2x (18)
2 ) < o (k) + (k) B (B)]
We assume that the sequences of updating coefficients inaats;(k + 1) = s;(k) for j #4, j=1,2,---, M. O

proposed algorithms in this paper satisfy these three con-To speed up convergence in some cases, we need to es-
ditions. The fundamental algorithm represents a stochadi@blish batch algorithms. Given i.i.d. Gaussian vecters
dynamic system driven by the sequeregk)}. In [13], the [ = 1,2,---,L, with zero mean and thes x n identity
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covariance matrix. Expression (9) can be approximated in the 2
Monte Carlo sense as

ViPa(k) = Y explei(z)) (2 — si(k)),
z€Vi(k)
i=1,2,---,M (19)

wheree;(2;) is computed by (10) witkk(k) replaced by;, and 201}

Vilk) = {21 | eilz) = max e;(z)}-
In the following algorithms, ifV;(k) is empty,V;P4(k) = 0. \ L
Algorithm 4 (Average energy constraint, batch mode): 00— 0= 05 1 135 2
Given initial signal vectorss;(0), ¢ = 1,2,---,M, which SiA

Satley conditions (7) and (13)' ComputWiPd(k) for Fig. 1. 1-D signal sets of seven signals in the SSC condition. o’s denote

1 =1,2,---, M by (19). Update signal vectors by signal positions to which Algorithm 2 converges for fixad As A tends to
zero, the signal set converges to the L1 signal set.

Si(/f + 1) = /3(31(16) + a(k)Vde(k) - C), 1=1,2,--- M

where
s~ -ip%p)

c= Zpi(si(k) + a(k)V, Py(k))

S4geeesSpy s1=(p,0)
S
>

and o

(N

2
8= MA . O

Z |18:(k) + (k) Vi Pu(k) — ¢||?

J3
s=(-1 p,—T p)

Fig. 2. The L2 signal sets;, s, andss form a regular simplex set with

Algorithm 5 (Equal energy constraint, batch mode)signal lengthy = A\/M/3, and all others are zero.

Given initial signal vectorss;(0), ¢ = 1,2,---,M, which
satisfy condition (8). Comput&, P,(k) for : = 1,2,---, M

by (19). Update the signal vectors by 1) The L1 Signal Set and the Influence of SNR on Signal

Sets: Steiner proved in [1, Theorem 5] that in the SSC
4 4 condition at low SNR’s the L1 signal set is uniquely optimal
si(k+1) = A Sf(k) + a(k)V%Pd(k) , fori=1,2,--- M. inthe class of 1-D signal sets. Fig. 1 shows simulation results
||8: (k) + a(k)V; Py(k)|] ¢ i . ) "
or 1-D signal sets of seven signals in the SSC condition.
0 Algorithm 2 is used. The number of iterations 1§° in
obtaining one signal set. As shown in Fig. 1, as the SNR
) ) approaches zero, the signal set in the simulation approaches
D. Simulation Results the L1 signal set. This verifies Steiner’s theorem. From Fig. 1,
Simulations on the four practical algorithms are carriedne can observe how these signal sets change as SNR changes.
out. In simulations, all samples of-dimensional Gaussian 2) Discovery of the L2 Signal Seédimulation results for
random vectors are generated by MATLAB Version 4.2c.1wo-, three-, and four-dimensional signal sets in the SSC
The initial signal vectors are randomly set to the vectors rondition are shown in Table I. Algorithm 2 is used. The
[-0.5,0.5]" and then are scaled and translated (if necessangmber of iterations i40°¢ for each test. The purpose of the
to satisfy energy constraints and the symmetric condition. simulation is to inspect the optimal signal sets at low SNR'’s in
all simulations, we chosel(k) = (2M/(k + 1))exp(A2/2) higher dimensional space. For interpretation of these results,
for k = 0,1,2,--.. The detection probability of a signal setwe note that each signal set satisfies the symmetric condition
is obtained by Monte Carlo simulation in which the samgl3), which implies that the sum of th&/ equally likely
samples are used as those used to obtain the signal sesigmal vectors is equal to zero. This means that if three of
a stochastic iterative algorithm. In all figures showing a signtile A signal vectors are nonzero and all others are zero,
set, signals are normalized by dividing By all the M signal vectors necessarily lie in a 2-D hyperplane
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TABLE |
SIMULATION RESULTS OF SIGNAL SETS IN THE SSC (ONDITION
n_M A [Is"s]l [Is"2l [Is’s| [Is"all [Is'sl| [Is’sll lls'All set
2 3 1 1.0018 0.9958 1.0024 RS
2 3 107 0.9990 0.9945 1.0065 RS
2 4 102 11579 1.1512 1.1550 0.0026 L2
2 5 1077 1.2928 0.0008 1.2890 1.2912 0.0004 L2
2 6 107" 0.0009 0.0009 1.4149 0.0004 1.4160 1.4117 L2
2 7 100 0.0010 15226 0.0013 0.0013 1.5319 0.0017 1.5280 L2
3 3 1 1.0165 0.9714 1.0114 RS
3 3 1073 09945 1.0127 0.9926 RS
3 4 1077 1.1415 1.1548 1.1676 0.0074 L2
3 5 5x102 1.2787 0.0035 13075 1.2866 0.0027 L2
3 6 102 14097 14131 0.0009 1.4199 0.0009 0.0009 L2
3 7 1072 0.0007 1.5250 1.5286 0.0008 1.5290 0.0008 0.0008 L2
4 3 1070 1.0142 09933 0.9923 RS
4 4 1072 1.1530 0.0031 1.1611 1.1500 L2
4 5 1072 12918 12840 12972 0.0055 0.0051 L2
4 6 5x10* 1.4206 1.4082 0.0019 14138 0.0019 0.0019 L2
4 7 10*  0.0021 1.5167 1.5305 1.5353 0.0021 0.0021 0.0021 L2
Note: (i) s'= s/4; (ii) RS denotes a regular simplex set.
containing the origin. In terms of Table I, we can make the TABLE I
following observations. CONFIRMATION OF THE WEAK SIMPLEX CONJECTURE
1) WhenAM = 3, at both high and low SNR’s, Algorithm M 1 K L r set
2 converges to the regular simplex set that is proved to 3 1 40 25,000 0.0054 RS

102 40 25000 0.0053 RS
1 120 16,660 0.0159 RS
102 60 16,660 0.0230 RS
1 80 25,000 0.0492 RS
102 80 12,500 0.0470 RS
1 150 20,000 0.0494 RS
102 100 10,000 0.0405 RS
1 200 30,000 0.0495 RS
102 100 10,000 0.0241 RS
1 500 100,000 0.0396 RS
102 50 50,000 0.0223 RS

be optimal by Dunbridge [4]. The result is independent
of dimension of signal space.

2) When M > 4 at low SNR’s, Algorithm 2 always
converges to the L2 signal set, which resulted in the
discovery of the L2 signal set. The structure of the L2
signal set is shown in Fig. 2.

3) Confirmation of the Weak Simplex Conjectuiiable |l
shows simulation results in the WSC condition. Algorithm 5
is used. In the tablel is the total number of iterations arid
is the number of samples used in each iteration. For a given
signal set ofM signalss;, 82, -, 85, the normalized signal
covariance matrix®(\;;) is defined by);; = s7's;/)\?. Asis the average energy constraint. Algorithm 2 is used. The total
well known [10], the normalized signal covariance matrix of aumber of iterations i90° in each operation to obtain one
regular simplexR(v;;) has identical diagonal entrieg; =1 signal set. Fig. 4 shows simulation results foe 2, M =4,
and off-diagonal entries;; = —1/(A — 1). In Table Il,» is andX = 0.5 under the equal energy constraint. Algorithm 5 is
defined as relative difference of normalized signal covariangged. The total number of iterations is 25000 in each operation
matrices between a signal set and the regular simplex  and the number of samples used in each iteration is 100. In
Figs. 3 and 4, the signal sets are normalized such dhat

N NI AN B R W W N NS
[--RE-CRES B e e SRV Y I

M e, have zero phase angle. From Figs. 3 and 4 we can see that
"= Z (Aij = 7i5) /‘Z Tij the larger thea priori probability of a signal, the larger the
b=l L=t decision region of it. As shown in Fig. 3, under the average
Forn = 2,3,4,5,6, and 7, simulations are done fol/ = €nergy constraint, an unequally likely signal set has a structure

2,.-+,n+ 1. For simplicity, only those results fa// = n + 1 completely different from that of an equally likely signal set.
with each givenn are listed in Table II. In all simulation ) Verification of Dunbridge TheorenDunbridge proved in
results including those that are not listed in the tablex [4] that under the equal energy constraintaifpriori prob-
0.0500. Hence, in all simulations, Algorithm 5 converges t@bilities have orderingy = -+ = py > pn41 2 -+ 2 pur,
regular simplex sets. In summary, the simulation results verifffe optimal signal structure at vanishingly small SNR is that
Farber's work [6] that the weak simplex conjecture is true fdp which s;,---, sy form an (N — 1)-dimensional regular
M < 4. And furthermore, all the results fav/ = 5,6,7, and simplex. This theorem is verified in our simulation. Fig. 5
8 suggest that the weak simplex conjecture is true, which hslsows the simulation result in whick = 0.1. In Fig. 5, the
not been theoretically proved yet. signal sets are normalized such tiats have the zero phase
4) Influence of a priori Probabilities on Signal SefSig. 3 angle. As shown in the figure, when signals are equally likely,
shows simulation results for = 2, M =4, andA = 1 under the signals are equally spaced, which is proved to be optimal
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y ¥y
% 1 1
o o X
X
+ x*
o
;3 +3-€ M50 5 >
-1 0 1 x -1 0 1 x
+ %
X
] e}
.3 1 -1 o X

Fig. 3. Influence ofa priori probabilites on signal sets under theFig. 5. Signal sets under the equal energy constraint 0.1. x: equally

average energy constrainh = 1. x: equally likely; o: p; = 0.31, likely signal set in which signals are equally spaced. o: signal set with
pr = p3 = pa = 0.23; x: p1 = 037, p2 = p3 = ps = 0.21; p1 = p2 = ps = 0.22, p1 = 0.18, andps = 0.16, in which s, s2,
+:p1 = 043, po = p3 = pg = 0.19. and s3 form a 2-D regular simplex.
y Y
b3
E 3
X o} 1 o 1 "
O
(e}
x|
* ® > % & 3 >
-1 0 1 x -1 0 1 x
E3
e}
O
+
b3
Xo %1 o 1
*

Fig. 4. Influence ofa priori probabiliies on signal sets under theFig. 6. Two signal sets of eight signals. o: t&8,7) signal set;*: the
equal energy constrainth = 0.5. x: equally likely; o: p1 = 0.28, X signal set. They were found in the SSC condition wkh= 2.51 by
p2 = p3 = pqs = 0.24; x: pr = 0.31, p2 = p3s = ps = 0.23; +:  Algorithm 2.
p1 = 0.34, po = p3 = pg = 0.22.

of eight signals in the SSC condition in 2-D space by using the
in 2-D space [10]. Withp; = p» = p3 = 0.22, p, = 0.18, Proposed algorithms and comparing their error probabilities to
andps = 0.16, the signal set is that in whicky, s,, ands, that of thes-PSK set. o i
form a 2-D regular simplex. As indicated by Dunbridge, the BY using Algorithm 2, in the SSC condition with = 2.51,
other signals of smallea priori probabilities are not important WO Signal sets are found. One is t#8, 7) signal set. The

and their positions can be arbitrary as the SNR is vanishindi{"er is called theX” signal set in this paper because of its
small. constellation. The two signal sets are shown in Fig. 6. In the

6) Example of Application to Practical Communication Sysqperatlon, Algorithm 2 sometimes converged to (s, 7)

o o ignal set and sometimes to tké signal set.
tem Design: As an example of application of the propose .
. . B . Although these two signal sets are found Jat= 2.51,
algorithms to practical communication system design, we

. . . o e compare their error probabilities with that of tRePSK
consider the scenario of satellite communications where SN%& b P

. . . _Sét in the range\ € [0,8] that is common for satellite
are small [12]. The phasc_a—sh|ft keying (PSK) mOdUIa“_OEommunications. The results are shown in Fig. 7. The error
schemes are usually considered. One of the schemé@s i

) ) _ “probability of the8-PSK set can be computed by using formula
PSK, the set of eight 2-D signals equally spaced on a circg. [10]

In the WSC condition8-PSK set is proved to be optimal oo oo
in 2-D space [10], but is not necessarily optimal in the SSC P=1- 2/ G(y) dy/ G(z) dx
condition. In this simulation, we intend to find better signal sets 0 ycot(w/M)—\
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Error probability versus SNR I1l. ON THE OPTIMALITY OF THE L2 SIGNAL SET

A. Mean Width of Polytope and Detection Probability
of Signal Set at Low SNR'’s

The polytope of a set oM n-dimensional vectorgv;} is
the convex hull

M M
C:{!}H}IZO@’UZ‘, Z a; =1, o; > 0, i:17...7M}_
i=1 i=1

Pe
(20)
10 o E(zsy})(::tt The mean width of the polytope is defined as
-*- X set 1 X
y B= —/ max ylv; dw (21)
o4 2 3 4 5 & 7 s W Ja, 1SISM

A where(2,, is the surface of am-dimensional unit spheray,,

Fig. 7. Comparison of error probabilities of tRePSK set, theE (8, 7) signal is a unit vector ort?,,, dw is a surface element of?,,, and
set, and theX signal set. w, = 212 /T'(n/2) is the surface area of thedimensional
unit spherel’ is the Gamma function.

where Lemma 1: Consider a set ol n-dimensional vectorgu; }
G(x) = (1/\/%) exp(—z2/2). that generate a polytogg. Among theM vectorswy, - -+, v
. . are on the boundary @ andwv 41, - --,v,s are in the interior
We can approximate it by of C. Then the mean width of’ depends only om,, - - -, vy
g kol . . and is given by
P =1- \/jz exp(—(iAz)* /2)P(A—iAz cot(n/M)) Az .
Tizo B({v;}) = —/ max_(ylv;) dw. (22)
for computation of numerical values where Wn Ja, 1<K
z 5 D
®(x) = (1/V2m) / OoeXp(_t /2) dt. Consider a signal sdt3w;} for 3 > 0 with a set ofa priori

robabilities{p; }. By noticing that for any functio
In Fig. 7, k = 50000 and Az = 8/k are taken and P {pi}- By 9 y f(y)

MATLAB version 4.2c.1 is used to evaluate., in which a1

€ dy = . dr d
®(x) is calculated by the functiorerf(x) with &(z) = Rn fw)dy /0 ' 7/971 Jy)dw
(1 + erf(x/+/2))/2. The error probabilities of the(8,7) y y . _
signal set and thél signal set are estimated by Monte Carlgvhere »* = llyll*, from (6) we can rewrite the detection
approximation. probability of the signal set as

As we can see in Fig. 7, th&(8,7) signal set has the p ‘ ‘
smallest error probability in the computed range of SNR andd(ﬁ’ {wik {pi})

oo .2
the 8-PSK set has the largest error probability. Note that the — _ 1 expl = V=1 gy
error probability of a signal set is the average error probability (2m) 0 2
over all eight signals. In many application cases, it is usually ‘ o Tar ﬁ 2
required that the largest error probability of a single signal in a Q. 1 2ighy (PP Y Y 2 il dw. (23)

signal set be smaller than a value. Since (8, 7) signal set ) : i )

and theX signal set are unequal-length sets, it is interesting Theorem 1:For then-dimensional signal seffv; } with a
to compare the largest and the smallest error probabilities it 0fa priori probabilities{p; }, the derivative of the detection
single signals among the three signal sets. We find [13] that f@Pability with respect g3 as 3 — 0 is

largest error probability of a signal in thé signal set is always P8, {vi}, {p:})
above the error probability of th&PSK set. This implies that Py(0,{wi}, {p:i}) = ’ a3 ’

a signal in theX signal set has larger error probability than =0
that of any signal in th&-PSK set, though the average error _ V2I((n+1)/2)

B{pwv; 24
probability of the X signal set is lower than that of the T'(n/2) (pvi)  (24)

PSK set. However, for a large range bdfe [3, 8], the error
probabilities of all signals in th&(8, 7) signal set are all lower
than those of th&-PSK set. In summary, we can conclude th
the E(8,7) signal set is the best signal set among the three

sets. ,(As v3/e reach this conclusion, we do not take account of Py(0,{v;}) = %B({W})- (25)
possible complexity of practical implementation of the zero

energy signal in theF(8,7) signal set. O

where B({p;v; }) is the mean width of the polytope generated
(,Ry {piw;}. If the signal set is equally likely
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Corollary 1: For the signal se{sv;} with a priori proba-
bility {p;}, a necessary condition for optimality &s— 0 is
that the mean width of the polytope generated{byv;} be
maximized. If the signal set is equally likely, it is necessary .
that the mean width of the polytope generated {ay} be rssinGn
maximized. O
Corollary 1 is applicable to average and equal energy
constraints and applicable to any setaopriori probabilities.
This extends the results in [3] and [4] for equally likely signal
sets.
If

nsindy,

NSinbyp
Fy(0,{vi}, {pi})>Py(0, {vi}, {pi})

following the theorem of real continuously differentiable func-
tion, there exists a neighborhood gfe [0, §) such that Fig. 8. Calculation of mean width of a polytope in 2-D space.

Pa(B {vi}; {pi})>Fa(B, {vi}, {pi})- Corollary 2: The mean width of the polytope generated by

i . the regular simplex ofif unit vectors{wv;} is given b
In the paper, the following statements are always equivalent g P {vitis g y

without further referring to each other: 1¥,} is better than M\/M(M - 1)T'((M —1)/2) voaf T
{v,} atlow SNR’s, 2) there exists a neighborhoodjof [0, ) Bs = 2v2rl(M/2) E [‘I) <ﬁ)} :
such that (26)
Pa(BAvit Api}) > Pa(B, {vi} {pi}) wherez is the standard Gaussian random variable. [
We can prove the following theorem [13].
and 3) Theorem 2: Given a signal sef3v;} and a set of priori
) ) , , probabilities{p; }. Let P4(3, V;) denote the detection probabil-
Py(0,{wi}, {pi })>Fg(0, {vi}, {pi }). ity of the jth signal. Ifp;v; is in the interior of the polytope
generated by{p;v;}, then

Since P;(0, {v;}, {p:}) is proportional to the mean width of
the polytope generated Ry, p; }, the properties of mean width
can be used in the comparison.

Due to Theorem 1, ip;w; = pjv) fori=1,---, M, then

8=0

=0. 27)

B. The Class of Two-Dimensional Signal Sets

Py(0,{vi}, {pi}) = Py(0,{vi}, {pi}). In this and the following sections, we assume that all
o discussed signal sets satisfy the SSC condition. In two-
Theorem 1 also implies dimensional space, a polytope is a polygon (see Fig. 8). The
mean width of a polygon is
Py(0,{rvi}, {pi}) = rP4(0,{wi} {p:})- s
B=— L(6)do 28
R0 (28)

This means that the detection probability at low SNR's is

proportional to squar_ed root of the SNR. However, this is NQfhere L(#) is the radial distance at angéefrom the origin

true when the SNR is higher. _ to the point where lines drawn perpendicular to the radial line
Under total energy constraint, one necessary condition @it intersect the perimeter.

pptimglity i.s (13). In terms of (20), the origin is necessarily Theorem 3: Consider a set of/ signal vectors{s; } which

in the interior of the polytope generated by;s; }. Hence, we generate a polygoit” such that theM vectors are on the

have the following lemma. - _ boundary ofC and the origin is in the interior of’. Under
Lemma 2: One of the necessary conditions for the optimghe average energy constraint (7), the mean widthCofs

set of signal vectorgs;} with a priori probabilities {p;} iS maximized if and only if the signals are equally spaced on the

that the origin is in the interior of the polytope generated by cle of radius). O

{pisi}. ) _ _ [ Lemma 4: The mean width of the polygo&' generated by
Lemma 3: The optimal set of signal vectors;} with a e signal setE(M, K) is

priori probabilities{p;} at low SNR’s has signals such that

p;8; is either on the boundary of the polytope generated g)y _VMKX . 7w
{p;s;} or at the origin. For equally likely signal sets, th (E(M, K)) = oo (E)’ M222<K=<M

statement is true by replacings; with s;. (29)
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and 1) forM = 3, B(E(M,3)) > B(E(M,2)); 2) for Functions g(K) and h(K)
M = 4, B(E(M,3)) > B(E(M,2)) = B(E(M,4)); 3) A A
for M > 4, B(E(M,3)) > B(E(M,2)) = B(E(M,4)) >
B(E(M,5)) > ---> B(E(M, M)). O
Let the detection probability of the signal sBtM, K) be
denoted byFPy(\, E(M, K)).
Theorem 4:For M >2and2 < K < M

AP\, E(M, K))

Py0,E(M,K)) =

ax =0
1

= ——g(K), 30

\/W—Mg( ) (30)

where g(K) = /K/2sin (n/K), and 1) for M = 3,

P, (0,E(M,3)) > Py0,E(M,2); 2) for M = 4,

Py(0,E(M,3)) > Py0,E(M,2)) = Py0,E(M,4));
3) for M > 4 Fig. 9. Functionsgy(K') andh(K) for K = 2,---,50.

Fy(0, E(M,3)) > F4(0, E(M, 2))
= Pj(0, E(M,4)) > P)(0, E(M,5)) > C. The Class of Signal Sef§ M, K)
e >PY0,E(M, M), O For the class of signal set§(M,K) for M > 2 and
2 < K < M, some of them were already analyzed. The
To prove Theorem 4, in terms of (25) and (29) and bkegular simplex of two antipodal signals is proved to be
noticing I'(3/2) = /x/2 andI'(1) = 1, we obtain (30). optimal for A/ = 2 at all A in both the SSC and WSC
By means of Lemma 4, the order d@f;(0, (M, K))'s is conditions. Dunbridge proved [4] that in the SSC condition

obtained. S(3,3) is optimal as\ goes to zero. Steiner proved [1] that in
Corollary 3: For M > 4, the L2 signal set is the uniquethe SSC condition the L1 signal set is better than the regular
optimal set in the class of signal sei{M, K). simplex setS(M, M) for all M > 7 as A goes to zero.

Corollary 3 immediately follows Theorem 4. Theorem 4n the preceding section, we have proved that the L2 signal
also means that the L2 signal set is better than the L1 sigisek is a unique optimal set in the class of two-dimensional
set in the SSC condition at low SNR’s. LetM /K E(M, K) signal sets in the SSC condition at low SNR’s. However, the

denote general comparison in this class of signal sets is unknown.
It is interesting to find the optimal set in this class of signal
VM/EK{NM/K)v,--, AV M/Kvk,0,---,0} sets. In this section, we will give the general comparison of

={\(M/K)i, -, \(M/K)v,,0,---,0}. the detection probability in the class of signal sets\, K')
forall M > 4and2 < K < M, prove that the L2 signal

The following corollary can be proved [13]. set is a unique optimal signal set in the class of signal sets
Corollary 4: 1) ForM > 3 S(M,K)for M >4 and2 < K < M, and generate several
) ) other results.
Py(0, VM/KE(M, K)) = Py(0, E(K, K)). The normalized inner product matrix of the signal set
S(M,K) is
2)1fM>K
, r M M __ . __M__ g ...0]
Py0,/M/KE(M,M)) < P)(0,E(K, K)). O 5, (K-DK (KoLK
~ DR ¥ C —RADR 0 ---0
The functiong(K) for K = 2,---, 50 is depicted in Fig. 9. : . : .
Theorem 4 and Corollaries 3 and 4 can be interpreted frong, — | i M M 0 0
the figure. (KO—l)K (1(0—1)1( 6 o
Corollary 5: Signal setE'(M, 4) disproves the strong sim- X
plex conjecture for alf > 7. O
In fact, except for different dimension, the signal set L O 0 0 0 - 0]
E(M,4) and the L1 signal set have the same mean width (31)

of polytope. They both are unequal energy signal sets. So, the

results in [1] created by the L1 signal set because of thegthen K = A, it becomes the normalized inner product

characteristics can also be created by the signak$éf,4). matrix of the regular simplex set o/ signals. Let the

Corollary 5 gives only one example. detection probability of the signal séi(M, K) be denoted
Theorem 5:As A — 0, the L2 signal set is the uniqueby Fy(\, S(M, K)).

optimal signal set in the class of two-dimensional signal setsLemma 5:For M > 2 and2 < K < M, the derivative

in the SSC condition. O of the detection probability of the signal s&tM, K) with
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respect tox as A — 0 is Corollary 7: For M > 4, all the signal sets(M, K) for
3 < K < M -1 disprove the strong simplex conjecture,
OFa(X, S(M, K)) and S(M,2), if M > 7, also disproves the strong simplex
2 A=0 conjecture. O
K In what follows, it is strictly shown that the L2 signal set
= MPd(OvS(Kv K)) (32) is the unique optimal signal set in the class of signal sets
S(M,K) for M > 4 and2 < K < M and that the strong
. - simplex conjecture is false fot < M < 6.
Theorem 6:For the signal set5(M, K) for M > 2 and  por g — 2 and 3, we can obtain the closed form of
2 k<M evaluation ofh(K) by noticing (Al): ~(2) = 1 and h(3) =
1 3\/5/4. This results in the following closed form of evaluation
\/—Mh(K) (33)  of P5(0,S(M, K)): 1) for the regular simplex set of two
™ ) )
signals, 4(0,5(2,2)) = 1/+/2r; 2) for the simplex set of
where three signals,P;(0, 5(3,3)) = V6/(4y/7); 3) for the L1
T —71 i signal set,P,(0,S(M.,2)) = 1/v/xM for M > 3. This
hMEK) = %E[‘I’B_Q(xﬂ- O result is also given by Steiner [1]; 4) for the L2 signal set,
P)(0,S8(M,3)) = 3v/2/(4/v/wM). Now, we present another
By means of Lemma 5 and (Al), we obtain the proof dhain result in this section.

Theorem 6. Theorem 7:For M > 4, there exist neighborhoods
The function h(K) for K = 2,---,50 is depicted in ) ¢ [0,60.5), Sarc > 0, of X, such thatPy(\, S(M, 3))
Fig. 9. In the evaluation oh(K), MATLAB version 4.2c.1 s strictly greater thanP;(\, S(M,2)) and grater than

is used. The functionb(x) is evaluated by the embeddedp,() S(M, K)) forall 4 < K < M. O
subroutineerf(z) with ®(z) = (1 + erf(z/Vv2))/2. Each  Corollary 8: For M > 4, the L2 signal set is the unique
interval in the summation that approximates the integral gptimal signal set in the class of signal S8V, K) for all
h(K) is sufficiently small and the total integration interval i < K < M. n
large enough so that the total absolute error produced by thecorollary 8 immediately follows Theorem 7. Note that when
numerical evaluation Oh(K) is smaller than10~+. Flg 9 K- M, S(M’ K) is the regu|ar Simp|ex set. Hence, now we
shows thath(K') is monotonously decreasing fdf > 3. have the following result.

Fig. 9 suggests Propositions 1 and 2 and Corollaries 7 [13]proposition 3: The strong simplex conjecture is false for
and 8 as follows. 4< M<6. n
Proposition 1: The strong simplex conjecture is disproved by the L1 signal
. set for all A/ > 7 as shown in [1]. Corollary 8 means that the
h(3) > h(4) > h(5) > h(6) > h(2) > h(T) L2 signal set disproves the strong simplex conjecture for all
0 M > 4. Proposition 3 updates the strong simplex conjecture

Py(0,5(M, K)) =

Py0,S(M,K)) =

andh(K) is monotonously decreasing for &l > 7.

Corollary 6: For K > 3, it M > K to such a situation: the strong simplex conjecture is true for
M = 2, true forM = 3 at low SNR'’s [4], and false for all
Py0,/M/KS(M,M)) < Py0,5(K, K)). o Mz=4

By using the same method as in [1] f&f > 7, Corollaries
Based on Proposition 1, now we present one of the manand 10, that follow, can be proved [13], extending Steiner's
results in this section, which gives the general comparisonrigsults created by the L1 signal set for &l > 7 to all A > 4.
the class of signal set$(M, K) for M > 4and2 < K < M. Corollary 9: For any fixedM = 4,5, and 6, there is no
Proposition 2: 1) ForM =4,5,6,and3 < K < M -1 signal set which is optimal at all SNR'’s. O
Corollary 10: For M = 4,5, and 6 under the average

F3(0,S(M, K)) > Py(0,5(M, K + 1)) > Py(0, 5(M, 2)). energy constraint, the optimal solution as— 0 is not an

_ equal energy solution. |
2) ForM =17 According to Fig. 9/(K) > g(K) where the equality holds
Py(0,5(M,3)) > Py(0,5(M,4)) if and only if K = 2 and 3. In terms of (30) and (33), we
/ . y obtain the following result.
> Fa(0,5(M; 5)) > Fq(0, S(M, 6)) Proposition 4: For M > 2 and2 < K < M
> Pi(0,5(M.2)) > Pi(0,5(M.7)). , ,
orM >
where the equality holds if and only & = 2 and 3. O
Py(0,S5(M, 3)) > Py(0,S5(M,4)) Finally, we present the following results [13].
> P(0,5(M,5)) > P)(0,5(M,6)) SuF;r;);igzltnon 5:For M > 7, there exists an integel’ < M
> Py(0,5(M,2)) > Py0, 5(M, 7)) , ,
> > P(/i(()7S(M7M — ]_)) Pd(ovE(MvK)) > Pd(O,S(M,M))

> Py(0,S5(M, M)). O forall4d< K <K' O
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Corollary 11: For M > 7, there exists an integel’ < M  with hardware, better signal sets can be more efficiently and
such that all the signal setB(M,K) for 4 < K < K’ more accurately found.
disprove the strong simplex conjecture. O Since simulation results show that in the SSC condition at
Corollaries 7 and 11 show that there are many signal sétgsv SNR’s the L2 signal set is the only signal set to which the
which can disprove the strong simplex conjecturef6r> 4. proposed algorithms converge, and the L2 signal set is proved
to be a unique optimal signal set in a large class of signal
sets, we conjecture that the L2 signal set is the unique and
IV. CONCLUSION globally optimal signal set without dimensional limitation at

In this paper, we propose four practically useful stochastew SNR’s. In order to prove this, based on what is proved in
iterative algorithms for signal set design. The algorithms at8is paper, it is sufficient to prove that in the class of signal
suitable for operation in various conditions on the dimensidi¢ts in which all signals of a set are located at the boundary
of signal space, number of signadspriori probabilities, SNR, ©f the polytope generated by the signal set, an unequal energy
and energy constraint. Simulation results reveal the optimalf¢t is not better than an equal energy set (this is proved true
of the L2 signal set which results in the discovery of the Lin 2-D case in the paper).
signal set, and verify the optimality of the L1 signal set, the Optimal design under a noncoherent assumption remains
weak simplex conjecture, and two Dunbridge’s theorems. TH&solved. Optimal signal set design for other kinds of noise
influence ofa priori probabilities and SNR’s on signal sets ighannels are more difficult to analyze than Gaussian chan-
also observed by simulation. An example of application of tHe€ls. Properly establishing some stochastic iterative algorithms
proposed algorithms in practical communication system desiffi noncoherent channels and other type of channels is an
is demonstrated. All these simulation results show that tHéeresting problem.
proposed algorithms are promising as a constructive approach

. . APPENDIX
to signal set design.
Based on the analysis of the mean width of the polytog&roof of Lemma 1
generated by a signal set, the class of two-dimensional signaj,, anyj € {K +1,---,M}, sincew; is in the interior of
sets and the class of signal seféM, K) are analyzed in ¢ there areq; > 0 for i — 1 M and

the SSC condition at low SNR’s. We give the order of the

detection probabilities of the class of signal sétsM, K) M

and therefore prove that the L2 signal set is the unique optimal Z ;=1
signal set in the class of two-dimensional signal sets for all i=1

M > 4. We also present the order of detection probabilities

of the signal set$ (M, K) for M > 4 and2 < K < M. This such that

leads to the conclusion that all signal s&ts\/, K) for M > 4 u
and3 < K < M — 1 disprove the strong simplex conjecture, v — ZO“”‘
and S(M, 2) (the L1 signal set), i/ > 7, also disproves the J pt L
strong simplex conjecture. We also prove that the L2 signal -

set is a unique optimal signal set in the class of signal seigr any unit vectory,, on the unit sphere
S(M,K) forall M >4 and2 < K < M. These results also

lead to extension of several Steiner’s results for/ll> 7 M

to all M > 4. The disproof of the strong simplex conjecture yiv; = (1/(1 - ay)) Z oyt vi.
for 4 < M < 6 updates the strong simplex conjecture in the i=1,i#j

situation that the strong simplex conjecture is true ¥ér= 2,

true for M = 3 at low SNR’s, and false for alM > 4. We Assumeylvy; = max ylw,.

find that for M > 7, there are many signal sefs(M, K) LsisMiizy

for some integerK’ < M — 1 that also disprove the strong M

simplex conjecture. ?Jf’vj < (1/(1=ay)) Z syl =yl

Simulation results show that if the number of samples used
in one step is large, the batch algorithms may converge to
local maxima. Nevertheless, the sequential algorithms alwaygare the equality holds if and only if
converge to global maxima. The proposed algorithms are
sensitive at low SNR’s. The convergent performance of the
algorithms at high SNR'’s needs to be improved. Theoretical
analysis of dynamlq behavior of the propoggd algorith P does not change the mean width of the polytope to exclude
needs to be done in a more general condition under the ~ "~ .

. ) . : hé trivial case. Therefore, we have
two energy constraints. The continuous-time version of the
stochastic dynamic system driven by white Gaussian process
can be obtained in the same way as we derive the discrete-
time version of the algorithms. We hope that by implementing
the continuous-time version of the stochastic dynamic systétence, (22) is true. Q.E.D.

i=1i#j

T T T
Y, 01 =Y, 0= =Y, Vy.

T T
v, < max v;.
Y lﬁigj\l,i;éjyn v
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Proof of Theorem 1 Proof of Corollary 2
Take the derivative on (23) with respect goand take the  Consider the regular simplex formed Kyw;} wherew;’s
limit 3 — 0 are unit vectors. Its detection probability is [10, p. 162]
2
Py(0,{vi}, {pi}) 1 > M/ 3=t
1 00 2 Py(\, S(M,M)) = \/—_/ exp —(%
= lim —/ exp| —— |t dr 21 J—oo
£8—0 (27r)"/2 0 2
; B x @M=L (g)dx, M >2.
% /Q 12%8LX pi exp{ 7y, vi - ||'vZ|| Taking a derivative with respect th and lettingx — 0, we
" ) obtain
x (rypv; — Bl )}dw} P)(0, 5(M, M))

1 eo N\
- (27r)n/2/() eXP<—5>7’ dr 1/ M / T exp ——><I>M Ha) do
X ma. Toipi) dw M
/Qn 1§i§)1(\4 (y" p) M - / exp(— (I)J\l 2( )dx
\/ s

which yields (24) in terms of (21) and the definition of the M(M - 1) 22\ o ®
: _ ; - i) — | d

Gamma function [11]. Lep; = 1/M, we obtain (25). Q.E.D. 2\/— \/ﬁ - eXP< 2) <\/§> z
Proof of Corollary 1 _ M2(M - 1)E{¢M 2< z )}

Since for any signal set df/ signals the detection probabil- \/_ V2
ity Pa(B, {vi}, {pi}) asp — Ois equal toPy(0, {w;}, {p;}) =  _ VMM -1) / / A / A
1/M and Py(83,{v;},{p:}) is a continuously differentiable
increasing function of3 € [0,00), by means of the theorem M—1
of real continuously differentiable functions, the optimality X exp <—— Z P ) depr—y -+ dro dzy. (A1)
requires tha#;(0, {v; }, {p:}) be maximized, which according

to Theorem 1 requires that the mean width of the polytof®y means of Theorem 1 and noticidg = n + 1, we obtain
generated by{p;v;}, or by {v;} if it is equally likely, be (26). Q.E.D.
imi . .E.D.
maximized Q Proof of Theorem 3
As shown in Fig. 8, assume that the signal veaphas
magnitude;, and the phase angle difference between two
Assume that signal s& hasp, 8, - - -, pxc8x on the bound- adjacent signal vectors t, 6; = 61 + ;. The mean width
ary of the polytopeC= generated byp;s,,---,pxsx, and Of C is then

Proof of Lemma 3

PK+18K+1," . PmSy 1IN the interior of Cz but not at the 1 611 621

origin. Lemma 2 shows that the origin is necessarily in the B = G /e 1 cos 0 df + /0 o cos 6 df

interior of C=. Due to Lemma 1C= depends only on the oM b2

signal vectorss;, - - -, 8x and its mean width is . /0 . COS%Q)
—0(rm—1)2

Bz = (1/wy) / max_y 8;p; duw. 1 . . . .
Q, 1<i<K = %[fyl (sinfpra + sinby1) + y2(sinfyo + sin ba1)

Now, we produce a new signal s&tby taking s, = s, for + -+ yn(sin O pr_1y2 + sinfpr1)]

i1=1-.-.,Kands. =0fori =K+ 1, ---,M, where 1 . . . .
TR % ' tloe = %('Vl sin 611 + y2 sin b2 + y2 sin 621 + v3 sin b2

+ oo+ yarsinbag + 1 sin Oar2)

K
M/ S lsil2 > 1. r .

The two sets have the same total energy. However, the mé(\é{?were
width of the polytopeCy generated by 8, ---,prn &), is P = vysinfi1 +y2sinfiz + vz sin a1 + y3sin b2o

+ oYM Sinejwl +7 Sin9]\42

- T g ps dw = vB= > Be.
Bu = (1/wn) /Q | G5 Yn SiPi dw =Bz > Bz = \/’Y% +75 = 272 cos b,

Hence, due to Corollary 1, an optimal solution must have the + \/fyg + 73 — 223 cos b
signals such thai;s; is either on the boundary of the polytope . .
generated by{p;s;} or at the origin. Q.E.D. +oeeet \/’VM + 91 — 2ymy1 cos by
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P < \/(’Y% + ’Y% + ’Y% + 732, +-- 4+ ’712\4 + ’7%) (Sin2 611 + sin? 010 + sin? 021 + sin? Oa0 + -+ -+ sin? Ot + sin? 9]\42)

M
- \/2M)\¢ > (sin® f;1 +sin® ;)

=1

(A4)

is obviously the perimeter af'. For any positive real numbersProof of Lemma 4

a; andbi,izl,---,

M, due to Cauchy’s inequality [11]
M M
> ai) ¥

M
E ab; <

where the equality holds if and only if
ar _ a2 any

b b b

= (A3)

Notice that

= MM\,

M
2

E Vi

i=1

Since the zero signals ob (M, K) are in the interior
of the polygon generated by/(M, K), due to Lemma 1,
the mean width ofC depends only on the nonzero signal
vectors. In terms of Theorem 3, after replacing in (A8)
by K and X by \/M/K X for equality case, the mean width
of C is obtained and is given by (29). Now we need to
prove thatB(E(M, K))'s have the order given in the lemma.
This is equivalent to showing that the real functigfi) =
Vzsin(r/z) has the order of values for integets> 2 in
the form: f(3) > f(2) = f(4) > f(5) > ---. It is easy to
verify f(3) = 3/2 > V2 = f(2) = f(4). If f'(z) < 0 for

From (A2) we have (A4) at the top of this page, where the > 3, the proof is complete. In what follows, we prove this.

equality holds if and only if

Mmoo _ 2 _ Y2 3
sin 911 sin 912 sin 921 sin 922
3 ™M 1
sin 931 sin 9]\41 sin 9]\42 ( )
Expression (A5) implies
012 =01, O =031, ,0p2 =011 (AB)
and yields
P <2\ | M sin? 6y (A7)
=1
where the equality holds if and only if
Mmoo M __ M
sin 911 sin 921 sin 931 sin 9]\41 )

Sincesin? z is convex down fovz € (0,7), it is clear that

for a; > 0and M, o = 1
by

M
E o sin? 31:Z <sm

=1
where the equality holds if and only if;, = 22 = - -+ = 2.
Take oy = 1/M andz; = 6,1, and notice}"" 6 = .

We obtain

M
Z sin® 6;; < VM sin(n /M)
i=1

in which the equality holds if and only i#;; = =/M.
Therefore,

B< MTA sin (1) (A8)

M

where the equality holds if and only &, = 6, = ; and
v =Afori=1,.-. M. Q.E.D.

The derivative off(z) is

1 ™ (1 T T
=7 (3) (5“”1(;) N ;)-
We have(l/y/z)cos(n/z) > 0 for z € (2,00). It is clear
that there exists a unique poinp € (0,7/2) such that
(1/2)tan(yo) = yo, and (1/2)tan(y) < y for Yy € (0,%0)
and(1/2) tan(y) > y for Yy € (yo,7/2). Hence, there exists
a unique pointzo = 7 /yo € (2, 00) such thatf’(xz¢) = 0, and
f(x) > 0 for Vo € (0,20) and f'(z) < 0 for Vz € (xg, 00).
Since

fi(x)

(3 = 3\12\;3%

and thereforef’(z) < 0 for all z > 3.

<0, w0€(2,3)
Q.E.D.

Proof of Corollary 5

According to Theorem 4, the signal séf(M,4) and
E(M,2) (the L1 signal set) have the same derivative
of detection probability with respect t&a as A\ — 0,
Py(0,E(M,4)) = Pj(0,E(M,2)). Since Steiner [1] proved
that P;(0, E(M,2)) > Pj(0,S(M,M)) for all M > 7,
where P;(0,S(M,M)) denotes the derivative of detection
probability of the regular simplex as — 0, thus disproving
the strong simplex conjecture, the signal e, 4) also
disproves the strong simplex conjecture forall> 7. Q.E.D.

Proof of Theorem 5

According to Corollary 1, a necessary condition for opti-
mality at low SNR’s is that the mean width of the polytope
be maximized. Since the probability of correct detection is an
increasing function of\, the solution will lie on the boundary
where (7) is satisfied. Meanwhile, in terms of Lemma 3, an
optimal solution must have signals either on the boundary
of the polytope generated by the signal set or else at the
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origin which is necessarily in the interior of the polytopNow, sinceh(3) > 1 = h(2), we need only to prove that
due to Lemma 2. If all signal vectors are located on ther M = 4,5, and 6, h(3) > h(M). By strict numerical
boundary of the polygon, Theorem 3 shows that the optimeValuation, we obtairh(3) = 3v/2/4 = 1.0607, h(4) =
solution is that in which all signals are equally spaced ah0534, A(5) = 1.0306, and h(6) = 1.0045 with absolute
the circle of radius\. This signal set is included in the classrrors smaller thari0~*. Hence,h(3) is greater tham(4),

of signal setsE(M,K) as K = M. If the signal set has h(3), andh(6). Q.E.D.
signal vectorssy,---,sx on the boundary of the polygon,
and 8y, -+, 8y at the origin, we only need to consider ACKNOWLEDGMENT
the optimal placement oy, .-, sx. By applying Theorem o oo wishes to thank his advisor Prof. J. Kieffer
3 to 8, ---,8K, the optimal arrangement must be that in . . .

. . . for presenting the problem, the valuable discussions, and
which s,---, 8 are equally spaced on the circle of radius
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setsE(M,K) as2 < K < M — 1. Hence, the optimal signal ' 9 P
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